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Given a real algebraic number field K we consider the following possible proper- 
ties of a multiplicative subsemigroup S of K*: (1) .Sa is dense module 1 for every 
a$ K. (2) SGL is dense module 1 for every G( # 0. A full characterization of those 
semigroups satisfying each of these properties is obtained. In particular, it follows 
that a semigroup possessing one of these properties has a subsemigroup, generated 
by two elements, with the same property. Given a finitely generated semigroup, one 
can effectively decide whether or not it satishes either one of the aforementioned 
properties. A p-adic analogue of the main result is studied as well. ‘(11 1987 Academic 
Press. Inc 
1. INTRODUCTION 
A well-known result in the theory of distribution modulo 1 states that if 
L > 1 then the sequence (al”),“=, is uniformly distributed modulo 1 for 
almost every a (see, e.g., [ 5, Chap. 1, Corollary 4.31). There exist, however, 
non-zero numbers LX for which that sequence is not even dense modulo 1. 
More generally, calling a sequence (fk)Fz 1 of positive numbers lacunary if 
1, + , /tk > q > 1 for all k, de Mathan [6] and Pollington [S] proved 
THEOREM A. If ( tk) is a lacunary sequence then the set of numbers c(, for 
which 0 is not a limit point mod&o 1 of the sequence (at,), is of Hausdocff 
dimension 1. 
It turns out that there exist multiplicative semigroups S of positive num- 
bers, not generated by a single number, admitting dilations Sa that are not 
dense modulo 1. A sequence (tk) is called harmonious if for every E > 0 
there exists a T(E) such that for every UE R there exists some 
CIE [a- T(E), a + T(E)] with llatkll <E for all k (where jlxll denotes the dis- 
tance from x to the nearest integer). One has then [7, Chap. II, 
Theorem VI] 
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THEOREM B. Let K be a real algebraic number field of degree m over Q 
and A the set of all Pisot or Salem numbers of degree m in K. Then A is a 
harmonious multiplicative semigroup. 
For some multiplicative semigroups S the set of numbers a, for which Sa 
is not dense modulo 1, is nevertheless quite small. For example, Fursten- 
berg [3, Theorem IV.11 proved 
THEOREM C. Let S be a non-lacunary semigroup of rational integers. 
Then Sa is dense module 1 for any irrational a. 
A semigroup of integers is non-lacunary iff not all of its positive elements 
are powers of a single integer. 
Now let K be a given real algebraic number field. We shall be interested 
in subsemigroups S of the multiplicative group of K. Our main result 
(Theorem 2.1) answers the following questions: 
(1) Under what conditions on S is Sa dense modulo 1 for every 
a$K? 
(2) Under what conditions on S is Sa dense modulo 1 for every 
a#O? 
The properties in question turn out to be possessed by most semigroups; in 
fact, Theorems A and B supply essentially all the interesting counterexam- 
ples. If S is an effectively given finitely generated semigroup of real 
algebraic numbers then it can effectively be decided whether or not it 
satisfies the aforementioned properties. These results, as well as an 
analogue of the main theorem for p-adic number fields, are formulated in 
Section 2. Section 3 deals with the proof of the main theorem and Section 4 
with the effective methods. 
1 wish to thank the referee for numerous helpful comments and especially 
for drawing my attention to [4]. 
2. MAIN THEOREMS 
Let K be a real algebraic number field and S a subsemigroup of its mul- 
tiplicative group K*. 
DEFINITION 2.1. S is 
(1) DM,-if Sa is dense modulo 1 for every a ~0, 
(2) almost DM ,- if Sa is dense modulo 1 for every a # K. 
Two numbers 2, p E K* are called rationally dependent if there exist 
integers m and n, not both of which are 0, with I” = /in, and rationally 
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independent otherwise. S is a one-parameter semigroup if all its elements 
are integer powers of a single number. S is weakly one-parameter if any two 
of its elements are rationally dependent, and multi-parameter otherwise. 
Similar terminology applies to matrices. 
If SE [ - 1, 1 ] then it is obviously not almost DM, . If S is weakly one- 
parameter then by the proof of Proposition II.3 in [I] we have 
Sz S, u ( -S,), where S, is one-parameter, in which case it follows easily 
from Theorem A that S is not almost DM ]. If S is multi-parameter and 
intersects both (0, 1) and (1, co) then it is easily seen to be dense in (0, cc). 
whence it is certainly DM, . Thus we may confine our attention to multi- 
parameter semigroups contained in [ - 1, 1 ] c‘. 
If [K : Q] = m denote by PS(K) the semigroup of all Pisot or Salem 
numbers of degree m over Q. Recall that E, is a Pisot or Salem number if it 
is a real algebraic integer of absolute value greater than 1 all of whose 
other conjugates in C lie on or inside the unit circle. For A c K let Q(A) be 
the subfield of K obtained by adjoining A to Q. Without loss of generality 
we may assume that Q(S) = K. The main result of this paper can now be 
stated. 
THEOREM 2.1. Let K be a real algebraic number field and S a multi- 
parameter subsemigroup of K* n [ - 1, 11’ with O(S) = K. Then S is almost 
DM, . IL moreover, S G PS(K), then S is DM, . 
Thus there is a trichotomy. Given a subsemigroup S of K* n [ - 1, l]‘, 
the set of numbers a for which See is not dense modulo 1 
(i ) is of Hausdorff dimension 1, 
(ii) is infinite and contained in K, 
ni) consists of 0 only, 
It-f Sl,’ 
(i) weakly one-parameter, 
(ii) multi-parameter and harmonious, 
(iii) multi-parameter and non-harmonious, 
respectively. 
The following is a straightforward consequence of the theorem and of the 
remarks preceding it. 
COROLLARY. Let S be a subsemigroup of K*. If S is a DM, or an almost 
DM, semigroup then it has a subsemigroup having the same property 
generated by two elements. 
Recall now the notion of an effectively given complex algebraic number. 
(For more details see [9, pp. 240-2431.) If ~1,) LX*,..., ~1, are the distinct roots 
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of a given polynomialf 6 Z[x] then an ME N can effectively be found such 
that 
lC(jpClkl > 1/M, l<j<k<l. (2.1) 
Also, for any NE N we can effectively find rj E Q(i) with 1~~ - y,l < l/N for 
1 < j < 1. An algebraic number CI is said to be effectively given if (i) its 
minimal polynomial f over Q is given, and (ii) an r E Q(i) is given so that 
ICI-rl < 1/4M, where MEN satisfies (2.1) forJ: 
THEOREM 2.2. Let A,, AZ ,..., it be effectively given real algebraic numbers 
and S the multiplicative semigroup generated by them. It is possible effec- 
tively to determine whether or not S is DM, and whether or not S is almost 
DM,. 
A p-adic counterpart of Theorem 2.1 is valid also. For prime p, Q, is the 
field of p-adic numbers and Z, the ring of p-adic integers. Z[ l/a] will 
denote the subring of Q consisting of those rationals whose denominators 
are powers of a, where a is a positive integer. Ew~Qp is a 
Pisot-Salem-Chabauty number if (i) 1 is an algebraic integer over Z[ l/p], 
(ii) Iii,> 1, (iii) all the other conjugates of 1, over Q in the algebraic 
closure of Qep are of norm not exceeding unity, and (iv) for any embedding 
$ of Q(I) in @ the number $(,I) lies on or inside the unit circle. Given an 
algebraic number field K E Q, of degree m over Q denote by PSC(K) the 
semigroup consisting of all Pisot-Salem-Chabauty numbers in K. For the 
analogues of the definition of harmonious sets and of Theorem B see [7, 
Chap. II, Definition 3, Theorem VIII]. We define DM, and almost DM, 
semigroups just as in the real case. 
THEOREM 2.3. Let KG Q, be a number field and S a multiparameter sub- 
semigroup of K* n ZF with Q(S) = K. Then S is an almost DM, semigroup. 
If, moreover, S $ PSC(K), then S is DM , . 
We shall omit the proof of the last theorem; it is carried out as that of 
Theorem 2.1. 
3. PROOF OF THEOREM 2.1 
Throughout this section S is a multiparameter subsemigroup of 
K*n C-1,1]‘. Denote 
s’= {S’I ES}, 1E N. 
Select I for which Q(S) = OF= r Q(Sk). Put S= S’ and K= Q(S). Let r be 
the degree of K over Q. _S is obviously a multiparameter subsemigroup of 
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S. In view of [2, Lemma 4.21 and the choice of I there exists an sO E_S with 
Q(s;;) =K for every HE N. Take an s, E_S such that sg and sj are rationally 
independent. Denote by T the subsemigroup of _S generated by s,, and s, 
To prove the theorem we shall construct a dynamical system (G, C), G 
being a compact abelian group and Z a semigroup of continuous 
endomorphisms thereof, with the following property: For each a the set TM 
(mod 1) is the image under some homomorphism of G onto R/Z of a set of 
the form C r’ for an appropriately chosen [ E G. 
Let S be the minimal polynomial of s,, over Q. From our assumptions it 
follows that degf=r, say .~‘(.Y)=.Y~+L*~~,.x~ ‘+ ... +c,. Let o be the 
companion matrix of J; 
Express s, as a polynomial with rational coefficients in s,,: s, = g(s,). Set 
r = g(o). Let a be the product of all primes dividing the denominator of 
some entry of either 0 or r. Consider the rank r Z{l/a]-module Z[ l/a]’ 
consisting of all row r-vectors with entries in H[ l/a]. The matrices cr and r 
form endomorphisms of Z[ l/u]‘, their action being given by multiplication 
from the right. Denote by C the commutative semigroup of 
endomorphisms generated by u and r. We shall be inzted in the 
semigroup of dual endomorphisms of the dual group H[l/u]’ (where 
Z[ l/u]’ is endowed with discrete topology, so that its dual is compact). 
We set Q2, = ZGu]. Several facts concerning the structure of Q,, of 0: 
and of their rings of endomorphisms will be required. (For a more detailed 
account see [ 1, Sect. II. 11.) Suppose a = p1 p2.. . ph. The monomorphism 
i: Z[l/a]+lRxQP,,x ‘.. XQ,,, 
given by 
i(d) = (d, d ,..., d), dE ZCUul, 
forms a discrete embedding of H[ l/u J in R x Q,, x . . . x Q,,. For simplicity 
of notation put Q, = R and p. = CO, so that QPO = R. The group n;=,, Q, 
is self-dual. The homomorphism 7c = z’ exhibits R, as a quotient group of 
flf= o Q,. We have 
Ker(rr)= ((d, -d ,..., -d) (deZ[l/u]}. 
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The projection of fl,“=, Q;, onto Sz:, defined through R will be denoted by 71 
also. 
The ring of endomorphisms of Z[l/a]’ is isomorphic with the ring of 
r x r matrices over Z[l/a]. Endomorphisms of Z[ l/a]’ admit unique 
extensions to n,“=, Q;,, whence by duality endomorphisms of Sz:, admit 
unique liftings to n,“=, Q;,. If 4 is an endomorphism of Z[ l/a]‘, its dual 
will be denoted by (b also. The same symbol will also stand for the lifting of 
the latter endomorphism to J-J”=, Q;,. The action of 4 on nihzO Q;, is given 
by 
1s(xo, Xl ,..a, Xh) = (4x0, 4x1,..., 4x,), (x0, Xl >...Y Xh)E ii Q;,. 
j=O 
Thus, elements of &pLi are viewed as column r-vectors when we think of Sz; 
as a quotient group of nTzO a;,; the dual of an endomorphism d of 
H[ l/a]’ is given by the same matrix 4, acting on each Q;, by multiplication 
from the left. 
In this way C gives rise to commutative semigroups of endomorphisms 
of Sz: and of n,“=, Q;,, both of which are denoted again by C. Let 
A denote the field of algebraic numbers. Consider the vector 
u = (1, so, s; ,..., s;- I)’ E A’. F rom our construction it follows that u is an 
eigenvector of 0, whence it is a comon eigenvector of C. The vector u has r 
distinct conjugates u(’ ) = u, u(~),..., u@) over Q. These vectors form a basis of 
A’ consisting of common eigenvectors of ,Y. Let L, be the splitting field off 
over Q, and v’,j, v2si ,..., u’*j a basis of L; corresponding to the given basis of 
A’, 0 <j< h. The eigenvalues of 0 and r corresponding to ul,’ are so and 
s 1 , respectively. Hence, 
umT”v’~o = (sgy, s;; + 1s; ,...) s; + r- Is’;)‘, m,n>O. 
Suppose that Sa is not dense modulo 1 for a given ~$0. Put 
u = (a~‘~~, O,..., 0) en,“=, Q;,. It follows in particular that the set n(2u) is 
not dense in ,sZ:. Set B = I. 
Let us show that B may be assumed to be infinite. In fact, assume it is 
finite. If r > 1 then some of the components of u are irrational, whence rc(~) 
is a non-torsion element of 52;. Since B is finite we have rr(~,u)=rc(cr~u) 
for some distinct cr,, g2 E z‘. Thus rc(u) E Ker(a, - 0, ). It is easy to see that 
g2 - o1 forms an epimorphism of Sz:, and therefore its kernel is a finite sub- 
group of Sz:, [ 1, Lemma 11.141. But n(u) lies in this subgroup, contradicting 
the fact that B is finite. It follows consequently that r = 1. Since B is finite, 
we also conclude that a E Q and that TG Z. If 5 B Q then a can be 
replaced with an irrational number, whereas if SC Q but S & E we can 
replace T with a semigroup T1 such that T, & h, so that in both cases we 
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may assume B to be infinite. In the case SC L there is nothing to prove 
(since CI is rational.) Hence we may assume that B is infinite. 
Consider now the set B’ of all accumulation points of B. Since Z consists 
of epimorphisms B’ is Z-invariant. Let MS B’ be a Z-minimal set. Take a 
point x E A4 and a sequence (x,);= , of distinct points in rc(Cu) converging 
to s. Put 
J’,, = x,, - .Y, n = 1, 2,... 
We can lift (J,,);=, to a sequence ( j,I);zl converging to 0 of points of 
FI:= o Q;, z I-I;= o LJ. 
Given an endomorphism 4 EC, let Ali EL, be the eigenvalue of 4 
corresponding to r~“~ for 1 < i < r, 0 d j d h. Set 
for O< j<h, and 
v,, = fi v,,., , = 0 
v,, = I”I v,,,,. /=ll 
We obviously have nT= 0 Lj = V, , @ V, , . Let us distinguish between two 
cases: 
Case I. j, $ V,, for inilinitely many indices n. 
We have the following: 
(a) C contains an endomorphism, namely 0, such that the charac- 
teristic polynomial of cr” is irreducible over Q for every n E N. This follows 
readily from the choice of s,,. 
(b) There exists a sequence (j;);: i satisfying (i) j$ E I’, , , (ii) ,5; # 0, 
(iii)jL-+.,, 0, and (iv) rc( j$) E B - M. In fact, such a sequence can be 
produced from (y,),“= i by a construction similar to the one employed in 
the proof of Lemma II.7 in [ 11. 
(c) C is multi-parameter, for, since s0 and s, are rationally indepen- 
dent, so are c and r. 
Properties (a) and (c) are equivalent to the corresponding ones in 
Theorem II.1 of [ 11, but instead of the second condition there, which is 
not necessarily satisfied in our case, we only have (b). However, examining 
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Section II.3 of [ 11, from Lemma II.8 until the end, we observe that (a)-(c) 
are also sufficient to yield B - M = Q:. In view of [ 1, Proposition II.61 it is 
easy to see that Z defines an s-flow on O:, whence B= !G?: 
[ 1, Theorem 1.21. This implies in particular that Ta is dense modulo 1, 
contradicting our assumption that even Sa is not. 
Case II. jjn E: I/, , for all sufficiently large n. 
Assume, say, that jj,, jj2 E V,, Thus there exist distinct endomorphisms 
41, & E Z such that 4 ,(rc(u)) - x and &(X(U)) -x have inverse images in 
nf=, O;, lying in V, I This gives in particular 
4Au) - 4,(u) E V,, + Ker(n). 
Letting Ak = 1,,0,4r we get 
((I.* - %,) au’.‘, 0 ,..., 0) 
= 1 aiotfo, C ailui,l,..., C aihui,h 
( IECO ,tC, iSCh ) 
+ (d, -d,..., -d) 
for suitable aii E Li and d E Z[ l/a]‘. Thus, 
(3.1) 
,z.,a,u’,‘=d, j= 1, 2 ,..., h. (3.2) 
Consider first (3.2) for some fixed j. For 1 < i < Y denote by Fi the finite 
extension of Q obtained by adjoining the components of the vector uixj. Set 
F= Q(U:, i Fi) E Lj. It is easy to verify that F is the splitting field off over 
Q. Viewed as a system of linear equations in the unknowns ao, iE Cj, (3.2) 
has a unique solution. We obviously have aiiE F for all i. Moreover, if 8 is 
an element of the Galois group of F/Q carrying t,“J to ui2J then 
@a,,,,) = aj*,j. Assuming that d # 0 we obtain ajj # 0, 1 < i < r, and in par- 
ticular C, = (1, 2 ,..., r}. 
Now turn to (3.1). Since a # 0 we must have d # 0. The same con- 
siderations applied to (3.2) give this time C, = { 2, 3,..., r}. Define the fields 
Fi, 1 < i Q r, and F similarly. Notice that F, = &. Consider any element 8 in 
the Galois group of F/Q leaving K fixed. Letting 8 act on both sides of 
(3.1) we observe that 8 leaves fixed the vector ui.‘, and hence also its coef- 
ficient. This yields (1, - 1 1 ) a E &. 
Thus from our assumption that Sa is not dense modulo 1 we were led to 
conclude that ui,j E V,, for (i, j) # (1, 0), which means that TE PS(K), and 
also that aEK. 
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Let us show now that _K = K. In fact, take any s E S. Since See is not dense 
modulo 1, Ssa is not either. The previous construction implies slr~&, and 
so s E &. It follows that S c K, which gives K= K. 
It remains to prove that S c PS(K). Let s E S. If s0 and s are rationally 
dependent then, since s0 E PS(K), we must have s E PS(K). If s0 and s, are 
rationally independent then, considering the semigroup T, generated by sg 
and s, instead of T, we obtain as before T, c PS(K), and in particular 
s E PS(K). 
The proof of the theorem is thus complete. 
4. Is A GIVEN SEMIGROUP A DM, SEMIGROUP? 
In this section we shall prove Theorem 2.2. 
LEMMA 4.1. Let 5, and t2 be effectively given real algebraic numbers. It 
is possible effectively to determine whether <, > t2, (, = t2 or (, -C r2. 
Proof By [9, Lemma 11.1.81 ye =<, - t2 is effectively given. We can 
certainly determine whether or not q = 0. Assume q # 0. Let f be the 
minimal polynomial of 9 over Q and g(x) = xf(x). In view of [9, Lem- 
mas 11.1.4, 11.1.51 we can determine whether q > 0 or q< 0. This proves 
the lemma. 
PROPOSITION 4.1. Let 4 be an effectively given complex algebraic 
number. It is possible to determine whether or not it is (i) a Pisot number, 
(ii) a Salem number, (iii) a root of unity. 
Proof Let f be the minimal (manic) polynomial of t: over Q. We may 
assume that f tz Z[x]. Let t, = t, t2 ,..., r, be all the roots off: According to 
[9, Lemmas 11.1.4, 11.1.51 all of them are effectively given. We only have 
to decide which of these roots lie outside, which on and which inside the 
unit circle. Alternatively, we have to decide for each i whether ]5,1’ > 1, 
I<i]2= 1 or (<J2< 1. It follows from [9, Lemma 11.1.81 that l<;l’ is effec- 
tively given for each i, so that our results follows from the preceding 
lemma. 
PROPOSITION 4.2. Let 1 and p be effectively given complex algebraic 
numbers. It is possible effectively to decide whether or not they are rationally 
dependent. 
Proof: Call two numbers CI and /I positively dependent if there exist non- 
negative integers m and n, not both of which are 0, with a” = /Y’. To 
establish the proposition it suffices to show that it can be determined 
whether or not two effectively given algebraic numbers are positively 
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dependent. In fact, 1 and p are rationally dependent iff either 1 and p are 
positively dependent or Iz and l/p are. 
To determine whether i and p are positively dependent we distinguish 
between several cases. 
Case I. 1 is not an algebraic integer. 
We first need an auxiliary result. Suppose h(x) =x’+ cI- ,x’- ’ 
+ . + c0 E Q [x] is irreducible. Let F be the splitting field of h over Q and 
I . Ip an extension of the p-adic valuation from Q to F for a certain prime p. 
Set N,(h)=max,6iG,ltlilp, where LX,, CQ,..., a,eF are the roots of h. Then 
Np(h)= ,F,“r, Ic!-jli". (4.1) 
. . 
In fact, this follows readily from the theory of Newton polygons (cf. 
[4, p. 90, Lemma 41). 
Given an algebraic number a denote N,(a) = N,(h), where h is the 
minimal polynomial of a. Note that NJ&) = Np(a)k for k > 1. 
Turning to our case we observe that since I is not an algebraic integer a 
prime p can be found such that NJ]“) > 1. A necessary condition for IE and 
p to be positively dependent is that N,(J) and N,(p) be such. If N,(A) and 
N&p) are positively dependent then, replacing A and p by appropriate 
powers, we may assume that N,(1) = NJp). But then 1 and p are positively 
dependent iff I” = pn for some n E N, which is equivalent with 2/p being a 
root of unity. Since n/p is effectively given [9, Lemma 11.1.81 this case is 
settled by Proposition 4.1. 
Case II. 12 is an algebraic integer but not a unit. 
Considering l/n and l/n instead of 3, and p we revert to the former case. 
Case III. 3, is unit. 
Gail an algebraic number a reducible if Q(a”) is a proper subfield of Q(a) 
for some positive integer n, and irreducible otherwise. We readily see that a 
is reducible iff a/a’ is a root of unity for one of the conjugates a’ (#a) of a. 
Now we claim that if a is effectively given then a positive integer N can be 
found effectively with a N irreducible. In fact, by Proposition IV, we can 
determine whether or not a is reducible. Checking successively the powers 
of a we shall eventually find a power which is irreducible. 
In our case we may assume consequently that I and p are irreducible. 
For ,? and p to be positively dependent it is necessary that p E Q(2), the 
validity of which condition can be decided [9, Theorem 11.1.31. If p E Q(2) 
then the effective Dirichlet unit theorem [9, Theorem 11.3.51 clearly 
enables to decide whether or not 1 and p are positively dependent. This 
completes the proof. 
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To conclude the proof of Theorem 2.2 we note that in order to determine 
the nature of S it suffices to answer the following questions: 
(1) Are jU, and 1, rationally dependent ( 1 6 i < ,j < I)? 
(2) Is IA,/ > 1, Ii&l = 1 or In,] < I (1 <i<l)? 
(3) IS i, a Pisot or Salem number (1 < i,< I)? 
(4) Is /ZjEu2(Ai) (1 <i</)? 
Questions (l)-(3) can be resolved by Proposition 4.2, Lemma 4.1, and 
Proposition 4.1, respectively, and Question (4) by [9, Theorem 11.1.3]. 
This proves the theorem. 
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